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An equation of state (EOS) for uniform nuclear matter is constructed at 
zero and finite temperatures with the variational method starting from the 
realistic nuclear Hamiltonian composed of the Argonne V18 and UIX 
potentials.  The energy is evaluated in the two-body cluster approximation 
with the three-body-force contribution treated phenomenologically so as to 
reproduce the empirical saturation conditions.  The obtained energies for 
symmetric nuclear matter and neutron matter at zero temperature are in fair 
agreement with those by Akmal, Pandharipande and Ravenhall, and the 
maximum mass of the neutron star is 2.2 M .  At finite temperatures, a 
variational method by Schmidt and Pandharipande is employed to evaluate 
the free energy, which is used to derive various thermodynamic quantities 
of nuclear matter necessary for supernova simulations.  The result of this 
variational method at finite temperatures is found to be self-consistent.   
 
2 
1. Introduction 
The variational method [1] is one of the most powerful many-body 
theories, and many variational calculations have been reported for the 
nuclear equation of state (EOS), especially for nuclear matter at zero 
temperature.  A typical example is by Akmal, Pandharipande and 
Ravenhall (APR) [2]. Starting from the modern nuclear Hamiltonian 
composed of the Argonne V18 (AV18) [3] two-body nuclear interaction 
and the Urbana IX (UIX) [4] three-nucleon interaction (TNI), APR 
evaluated the ground-state energies for symmetric nuclear matter and 
neutron matter using the Fermi hypernetted chain (FHNC) method [5].   
On the other hand, there are rather few examples of variational 
calculations for nuclear matter at finite temperatures; a familiar example is 
by Friedman and Pandharipande (FP) [6] in 1981.  Based on the Urbana 
V14 two-body nuclear interaction with phenomenological corrections for 
TNI, FP evaluated the free energies using the prescription proposed by 
Schmidt and Pandharipande (SP) [7].  Another example is the 
lowest-order constrained variational calculations for asymmetric nuclear 
matter at finite temperatures [8].  In their calculations, the empirical 
saturation point is not reproduced because TNI is not taken into account.   
 Meanwhile, the necessity of researches on nuclear matter for 
astrophysics is increasing.  Recent progress of supernova simulations 
revives the importance of the nuclear EOS at finite temperatures in the 
mechanisms of supernova explosions [9].  The EOS is essential to 
determine the core bounce, the propagation of shock wave, the formation of 
proto-neutron stars through the behavior of pressure, entropy, chemical 
potentials and compositions.  The set of thermodynamic quantities are 
necessary to perform numerical simulations of hydrodynamics and neutrino 
transfer with the weak reaction rates.   
 Actually, however, the set of EOS for supernova simulations was 
limited.  Recently, a new set of EOS has become available (SH-EOS[10]) 
in addition to the conventional one (LS-EOS[11]).  These sets are 
obtained in phenomenological frameworks: an extension of the 
compressible liquid drop model (LS-EOS) and the relativistic mean field 
theory (SH-EOS).  These phenomenological frameworks are adopted 
because one has to evaluate the quantities of nuclear matter in a wide range 
of density, proton mixture and temperature.  In order to construct the EOS 
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tables, the calculations are based on bulk properties with effective nuclear 
forces and are not directly derived from the bare nuclear forces.  Since the 
EOS’s available for supernovae are limited to these phenomenological 
calculations, more microscopic approaches are desirable to study the direct 
connection between the nuclear force and the nuclear EOS in supernovae.   
Taking into account the above-mentioned situation, we undertake to 
construct the nuclear EOS for supernovae using a microscopic many-body 
approach.  As the first step of this undertaking, we construct, in this paper, 
an EOS for uniform nuclear matter at finite temperatures using the 
variational method, starting from the modern nuclear Hamiltonian 
AV18+UIX.  In order to treat the nuclear EOS at zero temperature and at 
finite temperatures in a consistent way, we employ a relatively simple 
variational method.  We develop the two-body cluster approximation with 
appropriately chosen subsidiary conditions instead of directly treating 
higher-order cluster terms.  We require that the nuclear EOS at zero 
temperature must reproduce empirical saturation condition.  The 
saturation density ρ0, saturation energy E0/N, incompressibility K and 
symmetry energy Es/N must be consistent with the empirical values.  We 
also treat the expectation value of the UIX potential somewhat 
phenomenologically so that the total energy per nucleon E/N reproduces the 
empirical values at the saturation point.  In the case of nuclear matter at 
finite temperatures, we follow the procedure by SP.  We study the 
thermodynamic quantities such as pressure, and examine the 
self-consistency of the results obtained by SP.   
In Section 2, we calculate E/N for symmetric nuclear matter and 
neutron matter at zero temperature in two steps: First, we evaluate the 
energies without TNI in the two-body cluster approximation, and then we 
take into account TNI phenomenologically.  In Section 3, we perform the 
variational calculation for nuclear matter at finite temperatures following 
the prescription by SP, and obtain the free energy, pressure, internal energy, 
entropy, effective mass and thermal energy for symmetric nuclear matter 
and neutron matter.  Concluding remarks are given in Section 4.    
 
2. Nuclear matter at zero temperature 
 
2.1. Energies for nuclear matter without the three-nucleon interaction 
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In this section, we mainly consider symmetric nuclear matter at zero 
temperature; the energy for neutron matter is calculated in a similar way.  
We start from the Hamiltonian without the three-nucleon interaction (TNI):  
 
  
H2 = − h
2
2m
∇ i2
i=1
N∑ + Vij
i< j
N∑ ,         (1) 
 
where N is the total number of nucleons and m is the nucleon mass.  The 
two-body nuclear potential Vij is chosen as the isoscalar part of the AV18 
potential 
 
Vij = VCts(rij ) + sVTt (rij )STij[
s= 0
1∑
t= 0
1∑ + sVSOt (rij ) Lij ⋅ s( ) 
+VqLts(rij )Lij 2+sVqSOt (rij ) Lij ⋅ s( )2]Ptsij .     (2) 
 
Here, STij is the tensor operator, and Lij is the relative orbital angular 
momentum operator of the (i, j) nucleon pair. The isospin-spin projection 
operator Ptsij projects the (i, j) nucleon pair states onto the triplet-odd ((t, 
s)=(1, 1)), singlet-even ((t, s)=(1, 0)), triplet-even ((t, s)=(0, 1)) or 
singlet-odd ((t, s)=(0, 0)) states.  The remaining isovector and isotensor 
terms in the AV18 are omitted as in the FHNC calculations by APR, 
because their contribution to the energy is expected to be small.   
 For the variational wave function Ψ, we assume the Jastrow-type 
function which is the same as used by APR: 
 
ψ = Sym f ij
i< j
∏⎡ ⎣ ⎢ ⎢ 
⎤ 
⎦ 
⎥ ⎥ ΦF ,        (3) 
 
where ΦF is the Fermi-gas wave function at zero temperature and Sym[ ] is 
the symmetrizer with respect to the order of the factors in the products.  
The two-body correlation function fij is taken as 
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f ij = fCts(rij ) + sfTt (rij )STij +sfSOt (rij ) Lij ⋅ s( )]Ptsij[
s= 0
1∑
t= 0
1∑ .      (4) 
 
It is noted that the central, tensor and spin-orbit correlation functions fCts(r), 
fTt(r) and fSOt(r) in Eq. (4) are treated as variational functions.   
Using the wave function Eq. (3), the expectation value of H2, i.e., 
<H2> = <Ψ|H2|Ψ>/<Ψ|Ψ> is cluster-expanded into a series of many-body 
cluster terms.  In this study, we employ the two-body cluster 
approximation, i.e., we truncate the series and keep only the one-body and 
two-body cluster terms.  Then, E2/N, which is <H2>/N in the two-body 
cluster approximation, is expressed as  
 
E2
N
= 3
5
EF +2πρ r2dr0
∞∫ F2ts(r)VCts(r)[
s= 0
1∑
t= 0
1∑ + sF2Tt (r)VTt (r) 
+sF2SOt (r)VSOt (r) + F2qLts(r)VqLts(r) + sF2qSOt (r)VqSOt (r)] 
  
+2πρ h
2
m
r2dr
0
∞∫ dfCts(r)dr⎡ ⎣ ⎢ ⎤ ⎦ ⎥ 
2
FFts(r)
⎧ ⎨ ⎩ s= 0
1∑
t= 0
1∑  
+s 8 dfTt (r)
dr
⎡ 
⎣ ⎢ 
⎤ 
⎦ ⎥ 
2
+ 48
r2
fTt (r)[ ]2⎧ ⎨ ⎩ 
⎫ ⎬ ⎭ 
FFts(r) + 23 s
dfSOt (r)
dr
⎡ 
⎣ ⎢ 
⎤ 
⎦ ⎥ 
2
FqFts(r)
⎫ ⎬  .  (5) ⎭
 
The first term on the right-hand side of Eq. (5) is the one-body kinetic 
energy, and EF = 2  h kF2/(2m) is the Fermi energy with k  being the Fermi 
wave number; in the case of symmetric nuclear matter, k  =(3π
F
F
2ρ/2)1/3 with 
the number density ρ.  The second term in Eq. (5) represents the potential 
energy, in which F (r), F (r), F (r), F (r) and F (r) are expressed 
as 
2ts 2Tt 2SOt 2qLts 2qSOt
 
2F ts (r) = fCts(r)[ ]2 + 8s fTt (r)[ ]2{ }FFts(r) + 23 s fSOt (r)[ ]2 FqFts(r) , (6) 
F2Tt (r) =16 fTt (r) fCt1(r) − fTt (r)[ ]FFt1(r) − 23 fSOt (r)[ ]
2 FqFt1(r) ,  (7) 
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F2SOt (r) = 43 fSOt (r) fCt1(r) − fTt (r)[ ]−
1
3
fSOt (r)[ ]2⎧ ⎨ ⎩ 
⎫ ⎬ ⎭ FqFt1(r) 
  ,       (8) −24 f (r)[ ]2 F (r)Tt Ft1
F2qLts(r) = 48s fTt (r)[ ]2 FFts(r) + fCts(r)[ ]2 + 8s fTt (r)[ ]2{ }FqFts(r)  
− 2
3
s fSOt (r)[ ]2 FbFts(r),      (9) 
F2qSOt (r) = 72 fTt (r)[ ]2 FFt1(r) + 23 fCt1(r)[ ]
2⎧ ⎨ ⎩ −
4
3
fCt1(r) fTt (r) − 23 fCt1(r) fSOt (r) 
  + 20
3
fTt (r)[ ]2 + 83 fTt (r) fSOt (r)
⎫ ⎬ ⎭ FqFt1(r) +
20
3
fSOt (r)[ ]2 FbFt1(r), (10) 
 
where FFts(r), FqFts(r) and FbFts(r) are  
 
  
FFts(r12) = Ω 2 ΦF†Pts12∫ ΦFdr 3dr 4 ⋅ ⋅ ⋅ dr N
spin
∑
isospin
∑  
= (2t +1)(2s +1)
16
1− (−1)t +s 3 j1(kFr)
kFr
⎡ 
⎣ ⎢ 
⎤ 
⎦ ⎥ 
2⎧ 
⎨ ⎪ 
⎩ ⎪ 
⎫ 
⎬ ⎪ 
⎭ ⎪ 
,   (11) 
  
FqFts(r12) = Ω 2 ΦF† L12 2 Pts12∫ ΦFdr 3dr 4 ⋅ ⋅ ⋅ dr N
spin
∑
isospin
∑  
= (2t +1)(2s +1)
16
kFr( )2
5
+ (−1)t +s9 j2(kFr) j1(kFr)kFr
⎡ 
⎣ 
⎢ ⎢ 
⎤ 
⎦ 
⎥ ⎥ ,  (12) 
 
  
FbFts(r12) = Ω 2 ΦF† L12 4 Pts12∫ ΦFdr 3dr 4 ⋅ ⋅ ⋅ dr N
spin
∑
isospin
∑  
= (2t +1)(2s +1)
16
2
5
kFr( )2 + 12175 kFr( )
4⎡ 
⎣ ⎢  
−(−1)t +s9 j1(kFr) j3(kFr) + j2(kFr)[ ]2 − 2 j1(kFr) j2(kFr)kFr
⎧ ⎨ ⎩ 
⎫ ⎬ ⎭ 
⎤ 
⎦ ⎥ . (13) 
 
Here, Ω is the volume of the system and Σ represents the summation over 
the isospin- and spin- coordinates of all the nucleons.  The last term on the 
right-hand side of Eq. (5) represents the kinetic energy caused by the 
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correlation between nucleons.   
Since E2/N is an explicit functional of the variational functions 
fCts(r), fTt(r) and fSOt(r), the full minimization of E2/N can be performed by 
solving the Euler-Lagrange (EL) equations derived from Eq. (5).   
However, it is known that the minimized energies without any constraints 
become extremely large negative values[12] because of the truncation of 
the three-body and higher-order cluster terms; hereafter we call them 
many-body cluster terms.  In order to avoid such an unreasonable result, 
we impose two conditions on the variational functions as explained in the 
following.   
The first condition is the extended Mayer’s condition expressed as 
 
4πρ Fts(r) − FFts(r)[ ]r2dr = 00∞∫ (t,s = 0,1),       (14) 
 
where Fts(r) is the isospin-spin-dependent radial distribution function,  
 
  
Fts(r12) = Ω 2 Ψ †Pts12∫ Ψdr 3dr 4 ⋅ ⋅ ⋅ dr N
spin
∑
isospin
∑ .      (15) 
 
It is noted that the condition (14) satisfies the original Mayer’s condition 
[13],  
 
1+ 4πρ F(r) −1[ ]r2dr = 0
0
∞∫ ,      (16) 
 
where F(r) is the sum of the four isospin-spin-dependent radial distribution 
functions Fts(r) (t, s = 0, 1).  In the two-body cluster approximation, Fts(r) 
reduces to F2ts(r) shown in Eq. (6), and, correspondingly, the extended 
Mayer’s condition in this approximation is expressed as Eq. (14) with Fts(r) 
replaced by F2ts(r).   
The second condition is the healing-distance condition, where the 
healing distance rh is defined as  
 
f (r) =1, f (r) = 0, f (r)Cts Tt SOt = 0 r ≥ rh( ).    (17) 
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Namely, the correlation between two nucleons vanishes at the distance 
between two nucleons r larger than rh.  Here, rh is assumed to be common 
to fCts(r), fTt(r) and fSOt(r).  In addition, we assume that rh is proportional to 
the mean distance between two nucleons in nuclear matter, i.e.,  
 
 rh = ahr0 ,         (18) 
 
where ah is a coefficient and r0 is the radius of the sphere of volume 1/ρ, 
 
r0 = 34πρ
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ 
1/ 3
.           (19) 
 
Without the healing-distance condition, the minimized energy becomes 
negatively large, and correspondingly, rh becomes extremely large, because 
of the lack of the many-body cluster terms.  If the many-body cluster 
terms are taken into account properly, rh will remain in a reasonable range.  
In this study, instead of treating the many-body cluster terms directly, we 
impose the healing-distance condition.  Namely, we regard this condition 
as an effect of the many-body cluster terms.   
Under these two conditions, E2/N is minimized: The EL equations 
for fCts(r), fTt(r) and fSOt(r) are derived with the extended Mayer’s condition 
taken into account by the Lagrange multiplier method, and the EL 
equations are solved with Eq. (17) as boundary conditions.  In order to 
choose the value of ah, we rely on the FHNC calculation of <H2>/N by 
APR as a typical example of the sophisticated many-body calculations.  
Namely, the value of ah is determined so that E2/N for symmetric nuclear 
matter is close to the corresponding <H2>/N by APR.  The value of ah 
obtained in this way is ah =1.76.    
For neutron matter, E2/N is calculated in a way similar to that in the 
case of symmetric nuclear matter explained above.  The value of ah for 
neutron matter is simply assumed to be the same as for symmetric nuclear 
matter, i.e., ah =1.76.    
In Fig. 1, E2/N for symmetric nuclear matter and neutron matter are 
plotted, and compared with <H2>/N by APR.  It is seen that E2/N for 
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symmetric nuclear matter is in good agreement with <H2>/N by APR, 
which implies that our prescription is appropriate.  It is also remarkable 
that, even in the case of neutron matter, E2/N is close to <H2>/N by APR.  
Here, we note that, compared with E2/N in the case of neutron matter, the 
gradient of <H2>/N changes discontinuously at ρ ~ 0.6 fm−3.  According 
to APR, this behavior of <H2>/N is due to a transition to a π0 condensation 
phase.  In the FHNC calculation by APR, the healing distances for tensor 
correlation function and the other correlation functions are treated as 
independent variational parameters.  Therefore, the transition to the π0 
condensation phase can be seen as the large increase in the tensor healing 
distance at ρ ~ 0.6 fm−3.  In the case of the present study, the healing 
distance is assumed to be the same for all the correlation functions; thus the 
similar behavior is not expected in E2/N.   
 
2.2 Energies for nuclear matter with the three-body interaction 
In the next step, we consider the contribution of TNI and other 
corrections rather phenomenologically so that the total energy per nucleon 
E/N reproduces the empirical saturation data.  We start from the UIX 
potential which consists of two parts: the two-pion exchange part Vijk2π, and 
the repulsive part VijkR, 
 
V = V 2ijk ijkπ + V Rijk .        (20) 
 
Explicitly, they are  
 
Vijk
2π = A xij , xik{ } τ i ⋅ τ j ,τ i ⋅ τ k{ }+ 14 xij , xik[ ] τ i ⋅ τ j ,τ i ⋅ τ k[ ]⎡ ⎣ ⎢ ⎤ ⎦ ⎥ cyc∑
]
,     (21) 
Vijk
R = U T(rij )[ ]2 T(rik )[ 2
cyc
∑ ,        (22) 
 
with  
 
xij = Y (rij )σ i ⋅σ j + T(rij Tij)S .         (23) 
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Correspondingly, the nuclear Hamiltonian caused by the UIX potential is 
separated into two parts:  
 
H3
2π = Vijk2π
i< j<k
∑ .       (24) 
H3
R = VijkR
i< j<k
∑ .       (25) 
 
In this paper, we evaluate the expectation values of H32π and H3R with the 
wave function for the Fermi gas at zero temperature, ΦF.  Explicit 
expressions of these expectation values per nucleon, <H32π>F/N and 
<H3R>F/N are  
 
H3
2π
F
N
= − 9A
2π 2ρ GT2(k)[ ]
2GqL(k)k
2dk
0
∞∫ − 9A4π 2ρ GY(k)[ ]2GqL(k)k 2dk0∞∫  
    + 9A
8π 2ρ GTL2(k)[ ]
2GL (k)k
2dk
0
∞∫ + 9A4π 2ρ GYL(k)[ ]2GL(k)k 2dk0∞∫ ,  (26) 
H3
R
F
N
= 8π 2Uρ2 T(r)[ ]2 r2dr
0
∞∫{ }2 −4π 2Uρ2 T(r)[ ]2 r2dr0∞∫ T(r)[ ]2 l(kFr)[ ]2 r2dr0∞∫
 − U
16π 2ρ GqT (k)[ ]2GqL(k)k 2dk0∞∫ + U32π 2ρ GqTL(k)[ ]2GL(k)k 2dk0∞∫ ,   (27) 
 
with 
 
GT2(k) = 4πρ T(r) j2(kr)r2dr0
∞∫ ,     (28) 
  GqL(k) = 4πρ l(kFr)[ ]2 j0(kr)r2dr0∞∫ = 4 1−
3
4
k
kF
+ 1
16
k
kF
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ 
3⎡ 
⎣ 
⎢ 
⎢ 
⎤ 
⎦ 
⎥ 
⎥   for  k ≤ 2kF ,
0                                    for k ≥ 2kF ,  
⎧ 
⎨ ⎪ 
⎩ ⎪ 
 (29) 
GY(k) = 4πρ Y (r) j0(kr)r2dr0
∞∫ ,     (30) 
GTL2(k) = 4πρ T(r)l(kFr) j2(kr)r2dr0
∞∫ ,     (31) 
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GL(k) = 4πρ l(kFr) j0(kr)r2dr0
∞∫ =
4  for  k < kF ,
2  for  k = kF ,
0   for  k > kF ,
⎧ 
⎨ ⎪ 
⎩ ⎪ 
   (32) 
GYL(k) = 4πρ Y (r)l(kFr) j0(kr)r2dr0
∞∫ ,     (33) 
GqT (k) = 4πρ T(r)[ ]2 j0(kr)r2dr0∞∫ ,     (34) 
GqTL (k) = 4πρ T(r)[ ]2 l(kFr) j0(kr)r2dr0∞∫ ,      (35) 
 
where l(z) = 3j1(z)/z.  We note that, in the numerical calculations for Eqs. 
(26) and (27), we assume GL(k = kF) = 4, which does not affect the 
numerical results.   
When we take into account the correlation between nucleons, the 
expectation values of H32π and H3R are likely to be different from <H32π>F/N 
and <H3R>F/N, respectively.  In addition, the possible relativistic boost 
correction will modify these nonrelativistic expectation values of TNI; in 
the FHNC calculation by APR, the expectation value of H3R was 
considerably reduced by this correction.  Furthermore, in the case of 
symmetric nuclear matter, an additional term γρ2exp[−δρ] with γ and δ 
being adjustable parameters was introduced so as to reproduce the 
empirical saturation point.  In the present study, we take into account 
these corrections by introducing adjustable parameters α, β, γ and δ, and 
express the correction energy E3/N as  
 
E3
N
= α FH3
R
N
+ β FH3
2π
N
+ γρ2e−δρ ,      (36) 
 
Then, the total energy per nucleon E/N is 
 
E/N = E2/N + E3/N.          (37) 
 
In Eq. (36), the parameters α, β, γ and δ are assumed to be independent of 
ρ.  Also, α and β are common to symmetric nuclear matter and neutron 
matter.  Here it is noted that <H32π>F/N and <H3R>F/N for symmetric 
nuclear matter are different from those for neutron matter because the 
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corresponding Fermi-gas wave functions ΦF are different from each other.  
The last term on the right-hand side of Eq. (36) is introduced only for 
symmetric nuclear matter, i.e., γ = 0 for neutron matter, as in the case of the 
FHNC calculations by APR.  Then, we determine the values of the 
parameters so that the obtained E/N reproduces the empirical saturation 
data, i.e., the saturation density ρ0, saturation energy E0/N, 
incompressibility K and symmetry energy Es/N.  Here, we define the 
symmetry energy as the difference between E/N for neutron matter and for 
symmetric nuclear matter at ρ = ρ0, i.e., Es/N = E(ρ0, 0)/N − E(ρ0, 1/2)/N, 
where E(ρ, x)/N is the energy per nucleon for asymmetric nuclear matter at 
the density ρ and the proton fraction x = ρp/ρ (ρp is the proton number 
density).  The values of the parameters determined in this way are α = 
0.41, β = −0.22, γ  = −1604 MeV fm6 and δ = 13.93 fm3, providing ρ0 = 
0.16 fm−3, E0/N = −15.8 MeV, K = 250 MeV, and Es/N = 30 MeV.   
The obtained E/N for symmetric nuclear matter and neutron matter 
are compared with those by APR in Fig. 2.  It is seen that, in this figure, 
E/N for symmetric nuclear matter and neutron matter are in fair agreement 
with those by APR.  We note that, in the APR calculation, the energy 
lowering occurs at ρ  0.32 fm−3 (0.2 fm−3) for symmetric nuclear matter 
(neutron matter) due to the π0 condensation, while, in the present 
calculation, the π0 condensation is not taken into account.   
It is interesting to apply the obtained E/N to neutron stars.  
Assuming E(ρ, x)/N for asymmetric nuclear matter as  
 
E
N
ρ, x( )= E
N
ρ,1
2
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ +
E
N
ρ,0( )− E
N
ρ,1
2
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ 
⎡ 
⎣ ⎢ 
⎤ 
⎦ ⎥ 1− 2x(
2) ,       (38) 
 
we evaluate the energy per nucleon E/N for neutron star matter as the 
charge-neutral beta-stable mixture of nucleons, electrons and, if any, muons 
with the leptons being treated as the relativistic Fermi gases.  Then, we 
solve the TOV equation to obtain the neutron star structure.  In Fig. 3, the 
obtained masses of the neutron stars are plotted as a function of the central 
matter density ρm0.  The maximum mass is 2.22 M .  Here, we should 
note that, at high densities, the causality violation occurs, i.e., the sound 
velocity vs exceeds the speed of light c.  In order to see this, we plot vs/c 
as a function of the matter density ρm in Fig. 4.  This figure shows that the 
13 
causality is violated at the matter density higher than the critical density ρmc 
~ 1.91×1015 g/cm3.  Therefore, in Fig. 3, only the solutions in the region 
ρm0 < ρmc are valid, and the maximum mass of the neutron star is 2.16 M  
in this region.  
 
3. Nuclear matter at finite temperatures 
 In this section, we calculate the free energy per nucleon F/N for 
nuclear matter at finite temperatures using the prescription proposed by 
Schmidt and Pandharipande (SP).  We start from the following expression, 
 
F
N
= 0TE
N
− T 0S
N
,       (39) 
 
where E0T/N is the approximate internal energy per nucleon, S0/N is the 
approximate entropy per nucleon and T is the temperature.  The 
approximate internal energy E0T/N is expressed as, 
 
E 0T
N
= E 2T
N
+ E 3T
N .        (40) 
 
Here, E2T is the expectation value of H2 at finite temperature evaluated as 
follows.  First, we introduce the Jastrow-type wave function at finite 
temperature  
 
ψ(T) = Sym f ij
i< j
∏⎡ ⎣ ⎢ ⎢ 
⎤ 
⎦ 
⎥ ⎥ ΦF(T),      (41) 
 
where fij is the two-body correlation function defined as in Eq. (4), and 
ΦF(T) is the Fermi-gas wave function at finite temperature specified by the 
average occupation probability n(k) of the quasi-particle states:    
 
n(k) = 1+ exp[ε(k) − μ0
kBT
]
⎧ ⎨ ⎩ 
⎫ ⎬ ⎭ 
−1
.        (42) 
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In Eq. (42), kB is the Boltzmann constant and ε(k) is the quasi-particle 
energy which is assumed as 
B
 
  
ε(k) = h
2k 2
2m *
,        (43) 
 
with m* being the effective mass of the quasi-particle.  The approximate 
chemical potential μ0 in Eq. (42) is determined by the condition,  
 
1
Ω n(k)i∑ =
2
π 2 n(k)k
2dk
0
∞∫ = ρ .      (44) 
 
Using the wave function at finite temperature Eq. (41), we evaluate E2T as 
the two-body cluster approximation of <H2>T = 
<Ψ(Τ)|H2|Ψ(Τ)>/<Ψ(Τ)|Ψ(Τ)>. The explicit expression for E2T/N is the 
same as for E2/N at zero temperature given in Eq. (5) except that the 
one-body kinetic energy 3/5EF is replaced by  
 
  
E1T
N
= h
2
m
1
π 2ρ n(k)k
4dk
0
∞∫ ,       (45) 
 
and that FFts(r), FqFts(r) and FbFts(r) are replaced by FFts(r; T), FqFts(r; T) and 
FbFts(r; T) defined as 
 
 FFts(r;T) = (2t +1)(2s +1)16 1− (−1)
t +s 2
π 2ρ n(k) j0(kr)k
2dk
0
∞∫⎡ ⎣ ⎢ 
⎤ 
⎦ ⎥ 
2⎧ 
⎨ ⎪ 
⎩ ⎪ 
⎫ 
⎬   ,  (46) 
⎪
⎭ ⎪
 FqFts(r; T) = (2t +1)(2s +1)16
2
3π 2ρ n(k)k
4r2dk
0
∞∫⎡ ⎣ ⎢  
  +(−1)t +s 2π 2ρ
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ 
2
n(k) j0(kr)k
2dk
0
∞∫ n( ′ k ) j1( ′ k r)r ′ k 3d ′ k 0∞∫
⎤
⎦
⎥
⎥,  (47) 
 FbFts(r; T) = (2t +1)(2s +1)16
2
π 2ρ n(k)
2
3
k 4r2 + 1
15
k 6r4
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟ dk0
∞∫⎧ ⎨ ⎩  
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 + 2
3π 2ρ n(k)k
4r2dk
0
∞∫⎡ ⎣ ⎢ 
⎤ 
⎦ ⎥ 
2
−(−1)t +s 2π 2ρ n(k) j1(kr)k
2dk
0
∞∫⎡ ⎣ ⎢ 
⎤ 
⎦ ⎥ 
2⎧ 
⎨ ⎪ 
⎩ ⎪ 
 
 − 2π 2ρ n(k) j0(kr)k
2dk
0
∞∫ 1π 2ρ n( ′ k ) j0( ′ k r)r2 ′ k 4 − j1( ′ k r)r ′ k 3[ ]d ′ k 0∞∫
⎫ ⎬ ⎭ .  (48)  
 
Following the procedure of SP and FP, we simply assume that the 
correlation functions fCts(r), fTt(r) and fSOt(r) in the expression for E2T/N are 
the same as those at zero temperature determined by the variational 
calculation explained in the previous section.  Here, we note that the bare 
nucleon mass is used in the kinetic-energy operator for E2T/N; the effective 
mass m* appears only in n(k).   
 The last term on the right-hand side of Eq. (40), E3T/N, represents 
the correction to the approximated internal energy at finite temperature 
caused by TNI.  In this study, we simply approximate that E3T/N is the 
same as E3/N at zero temperature shown in Eq. (36), i.e., we neglect the 
thermal effect on it.  The validity of this approximation is discussed later.   
 Finally, the approximate entropy per nucleon S0/N in Eq. (39) is 
expressed in terms of n(k) as, 
 
S0
N
= − kB
N
1− n(k)[ ]ln 1− n(k)[ ]+ n(k)lnn(k){ }
i
∑  
 = − 2kBπ 2ρ 1− n(k)[ ]ln 1− n(k)[ ]+ n(k)lnn(k){ }k 2dk0
∞∫ .   (49) 
 
As a result, F/N is a functional of n(k), or, more specifically, a function of 
the effective mass m*.  Then, F/N is minimized with respect to m* under 
the normalization condition Eq. (44).  We note that Eqs. (44)~(49) are for 
symmetric nuclear matter; corresponding expressions for neutron matter 
are derived similarly.   
The obtained F/N for symmetric nuclear matter and neutron matter 
are plotted in Fig. 5 compared with those by FP.  It is seen that, at low 
densities, F/N is close to that of FP-EOS for both symmetric nuclear matter 
and neutron matter.  On the other hand, in the high-density region, F/N for 
symmetric nuclear matter and neutron matter are higher than those by FP 
which means that the EOS constructed in this paper is stiffer than the 
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FP-EOS.  In fact, the maximum mass of the cold neutron star using the 
FP-EOS is just below 2 M , which is smaller than 2.22 M  in the present 
study.   
In the low-density region, the pressure P derived from F/N for 
symmetric nuclear matter is shown in Fig. 6 together with that by FP.  The 
pressure in the present study is very close to that by FP at zero temperature, 
but it is somewhat lower than that by FP at T  10 MeV.  The critical 
temperature Tc is estimated to be about 18 MeV, which is reasonable.  At 
higher densities, the pressure in the present study is considerably higher 
than that by FP.   
The internal energy per nucleon ET/N and the entropy per nucleon 
S/N are shown in Figs. 7 and 8, respectively.  Here, ET/N and S/N are 
obtained with thermodynamic relations as follows: 
 
ET
N
= F
N
+ T S
N
,       (50) 
S
N
= − ∂∂T
F
N ρ
.        (51) 
 
In Fig. 7, the approximate internal energy E0T/N is also plotted.  It is noted 
that, as seen in Fig. 7, ET/N is in good agreement with E0T/N.  
Correspondingly, S/N is also in good agreement with the approximate 
entropy S0/N.  This self-consistency implies the validity of the present 
prescription for the nuclear EOS at finite temperatures.  In Fig. 8, S/N is 
compared with that by FP.  The entropy in the present study is close to 
that by FP; in the high-density region, the present S/N is slightly higher.   
The effective mass m*, which is the variational parameter, is given 
in Fig. 9.  According to SP, m* is regarded as the effective mass of the 
quasi-particle at k = kF.  In fact, the value of m* for symmetric nuclear 
matter at the normal density is ~ 0.7 m, which is fairly reasonable.  
Compared with the results by FP, the density dependence of m* in the 
present calculations is rather moderate: At higher densities, m* is larger 
than that by FP.    
We discuss here the thermal energy ΔET/N defined as  
 
17 
 ΔET
N
= E0T
N
− E
N
.        (52) 
 
Strictly speaking, ET/N should be used in Eq. (52) instead of E0T/N, but, as 
pointed out above, E0T/N is in good agreement with ET/N.  In Fig. 10, 
ΔET/N for symmetric nuclear matter and neutron matter are shown and 
compared with those by FP.  It is seen that ΔET/N is slightly higher than 
those of FP-EOS in the high-density region.  In order to study the thermal 
energy more in detail, we decompose ΔET/N as 
 
 ΔET
N
= ΔE1
N
+ ΔE2qL
N
+ ΔE2r
N
.       (53) 
 
Here, ΔE1/N = E1T/N − 3/5 EF is the thermal energy caused by the one-body 
kinetic energy.  The second term ΔE2qL/N represents the thermal energy 
caused by the part of the two-body potential that is proportional to the 
quadratic Lij, i.e., the expectation values of the part of the potential energy 
including VqLts(r) and VqSOt(r) minus the corresponding quantities at zero 
temperature.  The last term ΔE2r/N is the remaining part of the thermal 
energy composed of the central, tensor and spin-orbit potential energy and 
the kinetic energy caused by the correlation.   
In Fig. 11, ΔE1/N, ΔE2qL/N and ΔE2r/N are plotted in the case of 
symmetric nuclear matter at T = 30 MeV.  This figure shows that ΔE1/N is 
dominant in the regions of relatively low density.  At higher densities, 
ΔE2qL/N becomes comparable to ΔE1/N, but the contribution of ΔE2r/N is 
still small.  This implies that the expectation value of the operator 
including quadratic L (ΔE2qL/N) or quadratic momentum (the one-body 
kinetic energy term ΔE1/N) is sensitive to the temperature, while the major 
two-body term ΔE2r/N is not.  This property is deeply related to the 
normalization condition Eq. (44).  In fact, as shown in Eq. (46), the direct 
term of FFts(r; T) is independent of n(k); the temperature dependence 
appears only in the exchange term of FFts(r; T).   
Similar considerations will hold for the correction energy E3T/N 
caused mainly by TNI.  In this paper, we assume that E3T/N is the same as 
E3/N at zero temperature, which means that the thermal energy in E3T/N is 
assumed to be small.  From the considerations as above, it is expected that 
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the assumption is valid because the UIX potential does not include 
quadratic-L terms.    
 
4. Concluding remarks 
 In this paper, we constructed an EOS for uniform nuclear matter by 
the variational method.  The obtained EOS is suitable for constructing a 
new nuclear EOS for supernova simulations for the following reasons: (i) 
Since the present calculation is based on the realistic nuclear Hamiltonian, 
the EOS is directly connected with the bare nuclear forces, as desired in the 
studies of supernovae.  (ii) The nuclear EOS at zero temperature and at 
finite temperatures are constructed in a consistent way because the 
relatively simple two-body cluster approximation is employed.  The direct 
calculation of the energy for asymmetric nuclear matter instead of the 
interpolation Eq. (38), which is the next task to construct an EOS for 
supernovae, is also possible within this approximation.  (iii) At zero 
temperature, the EOS in the present study is in good agreement with that by 
APR, owing to the healing-distance condition.  (iv) The EOS reproduces 
the empirical saturation conditions at zero temperature.  This reproduction 
is essential for the next step of our research.  At densities lower than the 
normal density, nucleon clusters are created, and then nuclear matter 
becomes nonuniform.  In order to describe the nucleon clusters in the 
Thomas-Fermi approximation with use of the EOS for uniform nuclear 
matter as obtained in this paper, it is crucial whether the empirical 
saturation conditions are reproduced or not.   
 Finally, we comment on the possible phase transitions in uniform 
nuclear matter at high densities.   Various transitions to exotic phases 
such as the pion condensations, hyperon mixing and hadron-quark phase 
transition, have been proposed, and it is interesting to study their influences 
on supernovae.  In fact, the FHNC calculation by APR includes the pion 
condensation automatically as explained above.  The nuclear EOS with 
the hyperon mixing is studied based on the many-body theories, e.g., in 
[14].  Further studies to include the exotic phases in the current approach 
are important, and remain to be our future problem.   
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Figure captions 
 
Fig. 1 Energies per nucleon without TNI, E2/N, for symmetric nuclear 
matter and neutron matter as functions of the density.  Corresponding 
<H2>/N by APR are also shown.   
 
Fig. 2 Energies per nucleon including TNI, E/N, for symmetric nuclear 
matter and neutron matter as functions of the density.  The energies 
obtained by APR are also shown.  
 
Fig. 3 Neutron star mass as a function of the central matter density.  The 
vertical line shows the critical density above which the causality is 
violated.    
 
Fig. 4 Sound velocity of the neutron star matter as a function of the matter 
density.   
 
Fig. 5 Free energies per nucleon, F/N, at T = 0, 5, 10, 15, 20, 25 and 30 
MeV for symmetric nuclear matter (a) and neutron matter (b) as functions 
of the density.  The free energies obtained by FP at T = 0, 10 and 20 MeV 
for symmetric nuclear matter and neutron matter are also shown.   
 
Fig. 6 Pressures for symmetric nuclear matter at T = 0, 5, 10, 15, 20, 25 and 
30 MeV as functions of the density.  The pressures obtained by FP at T = 0, 
5, 10, 15 and 20 MeV are also shown.   
 
Fig. 7 Internal energies per nucleon, ET/N, derived from F/N at T = 0, 5, 10, 
15, 20 and 25 MeV for symmetric nuclear matter (a) and neutron matter (b) 
as functions of the density.  The approximate internal energies per nucleon 
E0T/N are also shown.   
 
Fig. 8 Entropies per nucleon S/N derived from F/N at T = 5, 10, 15, 20 and 
25 MeV for symmetric nuclear matter (a) and neutron matter (b) as 
functions of the density.  For comparison, the entropies per nucleon 
obtained by FP at T = 10 and 20 MeV for symmetric nuclear matter and 
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neutron matter are also plotted.   
 
Fig. 9 Effective masses m* at T = 5 and 20 MeV for symmetric nuclear 
matter and neutron matter as functions of the density.  The effective 
masses obtained by FP at T = 20 MeV for symmetric nuclear matter and 
neutron matter are also plotted.   
 
Fig. 10 Thermal energies per nucleon ΔET/N at T = 5, 10, 15, 20, 25 and 30 
MeV for symmetric nuclear matter (a) and neutron matter (b) as functions 
of the density.  For comparison, the thermal energies per nucleon obtained 
by FP at T = 10 and 20 MeV for symmetric nuclear matter and neutron 
matter are also plotted.   
 
Fig. 11 Three components of the thermal energy, ΔE1/N, ΔE2qL/N and 
ΔE2r/N for symmetric nuclear matter at T = 30 MeV as functions of the 
density.   
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